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INTRODUCTION

@ We will look at principal components analysis and
dimension reduction in this lecture.

@ High-dimensional data is hard to visualize and interpret.
Can we project this data into lower dimensions while
preserving the semantics of the data?

@ Higher dimensional data is often overcomplete, meaning
there are redundant dimensions which can be explained by
combinations of other dimensions.

@ Dimensions in high-dimensional data might be correlated,
so the actual data may have an intrinsic lower-dimensional
structure.



LEARNING OBJECTIVES

By the end of this lecture you should be able to:

@ Motivate PCA as the optimal linear dimensionality reduction
technique

@ Derive the maximum-variance objective and show it leads
to an eigenvalue problem for the covariance matrix

@ Define principal components as eigenvectors of S sorted
by decreasing eigenvalue

@ Project data onto the principal subspace and compute the
explained variance ratio



PRINCIPAL COMPONENTS ANALYSIS

@ PCA is a technique for linear dimensionality reduction.

@ It was first proposed by Pearson in 1900 and independently
rediscovered by Hotelling in 1933.

(a) Dataset with ry and x2 coordinates. (b) Compressed dataset where only the =1 coor

dinate is relevant.



PROBLEM SETTING

@ Given: {xy, Xp, ..., Xy} where x, € RP is an i.i.d dataset
with mean 0.

N
. o 1 T
@ The data covariance matrix is: S = N ,,5_1 XnX,

@ Aim: Find projections X, € U C RP such that
dim(U) = M << D, while preserving similarity to original
data.

@ We seek a compressed representation: z, = B x, where
B= [b1,. . .,bM] € RPXM,

@ The columns of B are orthonormal:

b/by=0 (i#j), b'b=1
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PROBLEM SETTING

@ There exists a linear relationship: z = B"'x, x = Bz
@ The variable z acts as a lower-dimensional bottleneck
representation controlling information flow between x and

X.
Original Reconstructed
R 3 Compressed R 5
R'”
T - -
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MAXIMUM VARIANCE PERSPECTIVE

@ We interpret information content in data as how
“space-filling” it is.

@ The spread of the data captures this information, which we
measure using variance.

@ PCA can be viewed as a dimensionality reduction algorithm
that maximizes the variance in the lower-dimensional
representation.

@ Our goal is to find a matrix B such that projections onto
by, b, ..., by retain maximum information.



CENTRED DATA

@ Let 1 be the mean of the data. Centered data means
working with x — p instead of x.

@ Note that:
Vo(2) = Vi(B"(x — 1)) = Vi(B'x — B"p) = Vi(B"x)

@ Thus, centering does not change the variance.
@ Hence, we assume:

E.(x)=0 = E,(2)=B"E,(x)=0

N
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@ Covariance matrix: S= — )  x,x|
N n
n=1



DIRECTION WITH MAXIMAL VARIANCE

@ We maximize the variance of the low-dimensional code by
following a sequential approach.

@ Aim 1: To maximize the variance V; of the first coordinate
zipof z € RM.

@ i.e. to maximize

Vi = V(z) sz

since the data x is independent.

@ Now z;, = b] x,,, and can be viewed as the orthogonal
projection of x, onto the one-dimensional subspace
spanned by b;.



DIRECTION WITH MAXIMAL VARIANCE

1 N

Vi= D (blx)°

n=1

= 1N i bz—XnX,;rb1
n=1
1 - T
= b, (N ;xnxn> o)
= b] Sb;

Arbitrarily increasing the magnitude of the vector by will increase
the variance. Hence, we maximize variance subject to: ||b;|| = 1



DIRECTION WITH MAXIMAL VARIANCE

@ To find the direction b; that maximizes variance, we solve:

max b] Sb; subjectto ||b;|| = 1

@ Form the Lagrangian:

L(by,\) = b Sby + A(1 — b by)



SOLVING THE LAGRANGIAN

@ To solve the Lagrangian, let 4% = 0 and 5= = 0.

@ So, we get:
oL
oL
— =28b; —2\b; =0
b, 1 1

@ On simplification:
Sby = by, b{b; =1

@ Thus, by is an eigenvector of the covariance matrix S, and
A is the corresponding eigenvalue.



FIRST PRINCIPAL COMPONENT

Substituting into the objective:

b Sb; = b/ (\by) = A

Maximizing the objective is equivalent to maximizing \.

Hence, we choose the eigenvector of S corresponding to
the largest eigenvalue.

This is called the first principal component.

We now examine the inner workings of the Lagrangian
method.



M-DIMENSIONAL SUBSPACE WITH MAXIMUM

VARIANCE

@ Assume we have found the first m — 1 principal
components as eigenvectors of S corresponding to the
largest m — 1 eigenvalues.

@ Since S is symmetric, by the spectral theorem, these
eigenvectors form an orthonormal basis for an
(m — 1)-dimensional subspace of R”.

@ The m-th principal component is found by removing the
contribution of the first m — 1 components:

b17b27"‘7bm—1

@ This ensures that each new component captures the
remaining variance (information).
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M-DIMENSIONAL SUBSPACE WITH MAXIMUM

VARIANCE

@ X =[x, X,...,xy] € RP*N contains the data points x, as
column vectors.

@ Then, new data matrix X is given by
m—1
X=Xx-Y bb/x
i=1
=X—B,_1X

@ Here B, 1 = Z;’: b;b! is a projection matrix that projects
X onto the subspace spanned by by, b, ..., by, 1.



M-DIMENSIONAL SUBSPACE WITH MAXIMUM

VARIANCE

@ To find the mth principal component we maximize

N
’
Vi = V[z,] = N Z z
n=1

— 5 (R

n=1
= b’ Sb,,

@ Here S is the data covariance matrix of the transformed
data set represented by X = [X, Xz, .. ., Xn]-



M-DIMENSIONAL SUBSPACE WITH MAXIMUM

VARIANCE

@ As before we set up a constrained optimization problem to
find the first principal component, and establish that the
optimal solution by, is the eigenvector of S that corresponds
to the largest eigenvalue.

@ We now establish that by, is an eigenvector of the original
data matrix X.

@ More generally the sets of eigenvectors for Sand Sare the
same.



N

EIGENVECTORS OF SAND S

@ We now show that the eigenvectors of S and S are the
same.

@ Let b; be an eigenvector of S, i.e. Sb; = \b;,.
@ Now we can write

R 1

Sb; = N(X — B 1 X)(X — Bp_1X)"b;
(S—8B! . —Bn_1S+B,_1SB! )b
(S - SBm—1 - Bm—1'S + Bm—1SBm—1)bi

@ Note that in the last line we have used the fact that B,,_4 is
a projection matrix and is therefore symmetric.



N

EIGENVECTORS OF SAND S

@ Caset1:i>m.
@ b; is an eigenvector not among the first m — 1 components.
@ Since B,,_1 = Z}i‘ﬂ bjb/-T and b, is orthogonal to the b;,
1<i<m-—1,wehave B,_1b = 0.
@ Plugging this into the previous equation,
Sb; = (S — Bn_1S)b; = Sb; = \;b.
@ Thus Sb,, = A\nbn,. A\ is the mth largest eigenvalue of S

and is also the largest eigenvalue of S.



N

EIGENVECTORS OF SAND S

@ Case2: i< m-—1.
@ We have

m—1

Bn_1bi =Y _bib]b; = b;.

=1

@ Plugging this into
8b; = (S — SBy—v — Bn1S + Bn_1SBn1)b;,

we get
Sb; = 0.

@ Thus the vectors by, by, . . ., by,_¢ are eigenvectors of S
with eigenvalue 0.



EIGENVECTORS OF SAND S

@ Since V,, = b} Sb,, = \,, we see that the variance of the
data projected onto the mth principal component is A,.

@ To find an M-dimensional subspace that retains as much
information as possible, PCA tells us to choose the
columns of matrix B as the M eigenvectors of the data
covariance matrix S that have the largest eigenvalues.
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PROJECTION PERSPECTIVE

@ We derived the PCA as an algorithm that maximizes the
variance in the projected space to retain as much
information as possible.

@ Now we can also derive the PCA using a projection
perspective to minimize the average reconstruction error.
The original data is modeled as x, and the reconstruction is
modeled as X,. We seek to minimize the distance between
X, and X,,.
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AN EXAMPLE

Data matrix (each row is a data point):

[1.11 10]
1.21 12
1.36 13
1.49 15
X= {163 16
1.68 17
1.83 18
1.88 19
1.95 20

Mean vector:
p= (15711 15.5556]



DATA VISUALIZATION
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CENTERING THE DATA

Centered data:

[—0.4611 —5.5556]
—0.3611 —3.5556
—0.2111 —2.5556
—0.0811 —0.5556
0.0589  0.4444
0.1089  1.4444
0.2589  2.4444
0.3089  3.4444
| 0.3789  4.4444

3!
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COVARIANCE MATRIX

1 o a
S=—-X"X
N

S— 0.0795 0.8883
~10.8883 10.0247

Largest eigenvalue: \; ~ 10.103
Principal eigenvector:

p. _ [0.0883
' 10.9961



PROJECTION ONTO PRINCIPAL COMPONENT

J b, Reconstruction

A

_ _ X = zb{
—5.57

—3.57 .
—2.56 Xeeconstructed = X + 111
—0.56
z= | 045
1.45
2.46
3.46
| 4.46




PROJECTED DATA IN PRINCIPAL SUBSPACE



RECONSTRUCTED DATA IN ORIGINAL SPACE



KEY TAKEAWAYS

@ PCA finds M orthogonal directions of maximum variance —
these are the top M eigenvectors of the data covariance
matrix S

@ Covariance: S = 1N >on X,x! (computed on centred data);
eigenvectors of S are the principal components

@ Projected data: y, = B" x, where B = [b;, ..., by] are the
top M eigenvectors

e Explained variance ratio: A/ > Aj — choose M where the
cumulative ratio exceeds 95%



Thank you :)
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