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MOTIVATION

@ We can now compute gradients (CHO05). To classify critical
points and design second-order optimisers, we need the
Hessian.

@ For multi-output functions such as neural network layers,
we need the Jacobian.

@ This lecture extends the calculus toolkit to second
derivatives, curvature, and vector-valued functions.



LEARNING OBJECTIVES

By the end of this lecture you should be able to:
@ Construct the second-order Taylor approximation for a
multivariate function
@ Define and compute the Hessian matrix; interpret its
definiteness geometrically
@ Classify critical points (minimum / maximum / saddle) using
the Hessian

@ Define the Jacobian for vector-valued functions and apply
the multivariate chain rule
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TAYLOR EXPANSION IN MULTIPLE VARIABLES

In optimization we often minimize functions of many variables:

f:R" = R.

Optimization algorithms need a local model of f near a point x.
In one variable we used: f(x + h) = f(x) + f'(x)h.

Question:
How do we approximate a nonlinear function

f(X1,X2,...,Xn)

near a point x?

The answer is a multivariable Taylor expansion.



FIRST-ORDER TAYLOR APPROXIMATION

Let f : R” — R be differentiable.
For a small displacement h € R”",

f(x + h) = f(x) + VFf(x) - h.

Recall: o o
Vf(X) = [8_)(1 BX,,} .
Thus, iy
Vi(x)h = —h;.
( ) — 8Xi !

Interpretation
@ The gradient defines the best local linear approximation.

@ This generalizes the tangent line to a tangent plane (or
tangent hyperplane in R").



SECOND-ORDER TAYLOR APPROXIMATION

To capture curvature, we include second derivatives.
For small h,

fx+ h) = £(x) + VI)h+ %hTH(x)h +o(|[A[).

Hessian matrix

ot 9
Ox? Ox10xn
Hx)=1{ &+ -~
02f . 82f
8Xn8X1 8X,2,

@ Gradient — first-order changes
@ Hessian — curvature of the function



GEOMETRIC INTERPRETATION

For f(x, y) the graph is a surface in R3.

First-order Taylor approximation f(x + h) ~ f(x) + Vf(x)h
gives the tangent plane.

Second-order Taylor approximation
1
f(x + h) =~ f(x) + VF(x)h+ EhTH(x)h
captures the local curvature of the surface.
Optimization insight
@ Gradient descent uses the first-order model
@ Newton’s method uses the second-order model

Taylor expansion provides the local structure used by optimiza-
tion algorithms.
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SECOND DERIVATIVES IN MULTIPLE VARIABLES

For f : R” — R we defined first derivatives -
To study curvature, we consider second partial derivatives.

0*f O*f
Ox?’ Ix0x;

1

These describe how the first derivatives change.

02 f 0 of
8X1 8X2 N 8X1 8X2 ’
Collecting all second derivatives leads to an important object: the
Hessian matrix.

Example




HESSIAN MATRIX

For f : R" — R the Hessian matrix is

O°f rr . Pt
Ox2 Ox10x0 Ox10xn
>f 2f f
H(X) — 8X28X1 8X22 3X23Xn
22f Rf 02f
Oxn0xy  OxpOxo Ox?
Properties
@ If second derivatives are continuous, then
0?f 0°f

O0x;0x; - 0x;0x;

@ Hence the Hessian is symmetric.
The Hessian captures the second-order structure of f.



GEOMETRIC MEANING OF THE HESSIAN

For f(x, y) the graph is a surface in R®.

Recall the Taylor approximation
1
f(x + h) = f(x) + V(x)h + EhTH(x)h.

Interpretation
@ Gradient — slope of tangent plane
@ Hessian — curvature of the surface

Example
Let f(x, y) = x® + y2.

2 0
Vf:[2x 2y], H_[O 2].

The Hessian shows that the surface is a bowl-shaped quadratic.
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CRITICAL POINTS IN MULTIPLE VARIABLES

In one variable we saw: f'(xy) = 0 is a necessary condition for a
local extremum.

For a function f : R” — R, the derivative is the gradient.

First—-Order Necessary Condition
If f has a local extremum at an interior point xo and f is differen-
tiable, then Vf(x;) = 0.

Critical (stationary) Points: Points where Vf(x) =0

As in one variable, this condition is necessary but not suffi-
cient.



CLASSIFYING CRITICAL POINTS USING THE

HESSIAN

Suppose x; is a critical point: Vf(xy) = 0.
To determine its nature we examine the Hessian H(x).
Second—-Order Test
e If H(xo) is positive definite = x; is a local minimum
e If H(xo) is negative definite = x; is a local maximum
@ If H(xp) has both positive and negative eigenvalues =
saddle point
Interpretation
@ Positive definite Hessian — locally bowl-shaped
@ Negative definite Hessian — locally upside-down bowl
@ Indefinite Hessian — surface bends in opposite directions



EXAMPLES

Example: f(x,y) = x® + y?
Vf=[2x 2y] = Critical point: (0,0)

Hessian: o 5 0
|0 2

Positive definite = local minimum.

Example: f(x,y)=x*—y?

i

Indefinite = saddle point.
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VECTOR-VALUED FUNCTIONS

So far we considered functions f : R” — R.
Now consider functions with vector output f : R” — R™.

Such a function can be written as

fn(X)
Each component f(x) is a scalar function.

To describe how f changes locally we generalize the gradient.



JACOBIAN MATRIX

For f : R” — R™ the derivative is the Jacobian J;(x) € R™".

on ... on
oxq OXn
o ... ob
0 0.
J(x)= 17" .
Oy ., Ofm
8X1 axn

Interpretation
The Jacobian represents the linear map

Df(x) : R” — R™

that approximates the function locally and is the matrix represen-
tation of derivative.

It generalizes the gradient to vector-valued functions.



EXAMPLE

f(x,y) = {ng;-y}.

Compute partial derivatives.

% = 2X % =1
ox oy
of B 0bh .
ox Y oy
Thus the Jacobian is
2x 1
Ji(x,y) = [y x} :

Each row corresponds to the gradient of one component function.



EXAMPLE

Let: f(x) = Ax with A € R™<"

Compute:

Therefore:
daf B
dx
Jacobian of linear function = matrix itself.

Ji(x) =A
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CHAIN RULE FOR VECTOR FUNCTIONS

Consider the functions g : R” — R™,  f: R™ — Rk,

Define the composite function h(x) = f(g(x)).

Question
How do we compute the derivative of h?

The derivative of a vector-valued function is the Jacobian.

Multivariable Chain Rule

Jrog(x) = Jr(g(x)) Jg(x)

Thus the derivative of a composition is the product of the Jaco-
bians. Note the order: first apply J,, then J;.



EXAMPLE

_ Xty _
g(Xay)_|: Xy :|7 f(U7V)—U+V.

First compute Jacobians.

2x 1

Jo(x,y) = {y X

] Ji(u,v)y=1[1 1]

Using the chain rule: Jwg(x, y) = Ji(g(x, ¥))Jg(X, ¥).

ol



KEY TAKEAWAYS

@ The Hessian H; = 9°f/0x;0x; is symmetric for smooth f; it
encodes curvature in every direction

@ At a critical point (Vf =0): H > 0 = minimum, H < 0 =
maximum, indefinite = saddle point

@ Jacobian [Ji]; = Of;/0x; generalises the derivative to
f:R"— R"

@ Multivariate chain rule: Jioq(x) = Ji(9(xX)) - Jy(x) — this is
the foundation of back-propagation



Thank you :)
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