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@ Introduction to PDEs



ODEs vs PDEs

Ordinary DE (ODE)
@ One independent variable

@ Derivatives are ordinary:

dy/dx
Examples:
X2y’ =sinx
a? .
dTJ}Z/ + u2y =sinu

Partial DE (PDE)

@ Two or more independent
variables

@ Derivatives are partial: du/0t

Example:
Ou + Ou + XU =sinx
el Tl — g
ot 0

PDEs arise naturally in physics and engineering:

@ Heat conduction: temperature depends on both position x and time ¢

@ Wave propagation: displacement depends on x and t

@ Electrostatics: potential depends on position (x, y, z)



NOTATION: PARTIAL DERIVATIVES

For u = u(x,t) or u

notation:

Subscript notation

o= 2
T ox
u
ot
o Pu
XX_aXZ
b O
T Ox ot

u(x,y), we use a compact subscript

Note on mixed partials
For continuous functions:

Uxt = Ui

(order of differentiation does
not matter)

Example: u = x*3

uy, = 2xt°
Uy = BXEZ = Uy



ORDER AND LINEARITY OF PDEs

Order: determined by the highest-order partial derivative.
@ uy+u =0 (1storder)
@ Uy +u =0 (2nd order)
® Uy +u, =0 (3rd order)

Linearity: A PDE is linear if v and all its derivatives appear to
the first power and are not multiplied together.

@ Linear: u,, +u,, =0 (Laplace)
@ Non-linear: v- uy, +u, =0 (u multiplied by uy)
@ Non-linear: v2 + u, =0 (u, squared)

Homogeneous vs non-homogeneous:
@ Homogeneous: every term contains u or its derivatives
(no standalone function of the independent variables)
@ Non-homogeneous: has a forcing term, e.g.
Uy + U; = sin X



GENERAL SOLUTION CONTAINS ARBITRARY
FUNCTIONS
A key difference between ODEs and PDEs:

ODE general solution PDE general solution
Contains arbitrary constants: Contains arbitrary functions:
y'=0 = y=ci+cx Z,=0 = Z=1(y)

ICs fix ¢y, Co. f can be any function of y.

Why? Integrating w.r.t. x when y is present: the “constant” can
depend on y.

/Zxdx:/de — Z=1(y)

Boundary conditions are needed to pin down the arbitrary func-
tions.
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e Solving PDEs by Integration



SOLVING u, = 0: DIRECT INTEGRATION

Problem: Solve u, = 0 given u(0, t) = 2.

Step 1: Integrate w.r.t. x (treating t as a parameter):

/uxdx— /de = u(x,t) = f(t)
The “constant” of integration is an arbitrary function of ¢.
Step 2: Apply the boundary condition u(0, t) = t2:
f(t) =

Solution:
u(x,t) =

(The function is constant in x but varies in t.)



SOLVING Z,, = 0: TWO INTEGRATIONS
Problem: Solve Z,, = 0 for Z = Z(x, y).

Step 1: Integrate w.r.t. y (treating x as constant):

/nydy—/Ody = Z, = g(x)

The “constant” is an arbitrary function g(x).

Step 2: Integrate w.r.t. x:

/Zxdx: /g(x) dx — Z=G(x)+ h(y)
where G(x) is any antiderivative of g(x) (another arbitrary func-
tion of x).

General Solution
Z(x,y) = f(x) + h(y) where f and h are arbitrary functions.




DIRECT INTEGRATION WITH BOUNDARY
CONDITIONS

Problem: Solve Z,, = x + y, given Z(x,0) = x* and Z(0, y) =
3

Y. )2

Step 1: Integrate w.r.t. y: Z, = xy + > + f(x)

Step 2: Integrate w.r.t. x:

2

2:7y+ + F(x)+9(y), F'(x)="f(x)

I\J“<

Apply BCs:
@ Z(x,0) = x?: F(x) = x? (taking g(0) = 0)
° Z(0,y) =y 9g(y) =y°

2y =5+ 5 X +y

Xy xyP
2 2



PRACTICE: DIRECT INTEGRATION

Problem 1: Solve u; = 0 given u(x, 0) = sin x.
Solution: Integrate w.r.t. t: u = f(x). Apply IC: f(x) = sin x.

u(x, t) = sinx
Problem 2: Solve Z,, = 2x given Z(x,0) = x* and Z(0, y) = 0.
Solution: Integrate w.r.t. y: Z, = 2xy + f(x).

Integrate w.r.t. x: Z = x2y + F(x) + g(y).
Z(x,0) = x% F(x) =x%. Z(0,y) =0:g(y) =0.

Z(x,y) =Xy +x* = x*(y +1)
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GENERAL LINEAR SECOND-ORDER PDE

The general form of a linear second-order PDE in two indepen-
dent variables x and y (or x and t) is:

Aux+Buy+Cuy+Du+Eu,+Fu=G

where A, B, C, D, E, F, G may be constants or functions of x and
y.

@ If G = 0: homogeneous

e If G # 0: non-homogeneous

Classification is based on the discriminant B2 — 4AC, analo-
gous to the discriminant of a conic section Ax2+Bxy + Cy?+- - -

B? — 4AC > 0 = Hyperbolic
B? — 4AC = 0 = Parabolic
B? —4AC < 0 = Elliptic



CLASSIFICATION EXAMPLES

Example 1: Parabolic

BUn+U =0 = A=3 B=0, C=0
B? —4AC =0-0=0 = Parabolic
Example 2: Hyperbolic

Uy — Uy =0 = A=1,B=0, C=—1
B> —4AC =0 —4(1)(—1) =4 > 0 — Hyperbolic
Example 3: Elliptic

Uy + Uy =0 =— A=1,B=0, C=1

B2 —4AC =0 —4(1)(1) = —4 <0 = Elliptic



PRACTICE: CLASSIFY THE PDE

Classify each PDE using the discriminant B2 — 4AC.

(@) ux +4uy, +4u, =0
A=1, B=4, C=4:B*>-4AC = 16—16 = 0 = Parabolic

(b) Uy — 2uyy +3u,, =0
A=1,B=-2 C=3B"-4AC=4-12=-8<0 —
Elliptic

(c) uy +6uy —7u, =0
A=1,B=6,C=-7:B2—4AC=36+28=64>0 —
Hyperbolic
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° IVPs, BVPs, and Lagrange’s Method



INITIAL AND BOUNDARY VALUE PROBLEMS

Initial Conditions (ICs): specify the state at t = 0 over all space.
@ u(x,0) = f(x) (initial displacement)
@ u(x,0) =g(x) (initial velocity)

Boundary Conditions (BCs): specify the state at spatial bound-
aries for all time.

@ u(0,t)=0, u(L,t)=0 (Dirichlet BCs: fixed endpoints)
@ u,(0,t) =0 (Neumann BC: insulated/free endpoint)

Wave equation formulation: A vibrating string of length L:
AUy =Uy, 0<x<L t>0

with BCs u(0,t) = u(L,t) = 0andICs u(x,0) = f(x), u(x,0) =
g(x).



LAGRANGE’'S METHOD FOR FIRST-ORDER PDES

A linear first-order PDE of the form Pp+Qq = R, where p = z,,
q=2:

0z 0z
P(Xayuz)a—f—o(x’yaz)a_y - R(X,y,Z)

Lagrange’s Method: Auxiliary Equations

dx dy adz

P Q R
Solve these symmetric ODEs to find two independent solutions
ui(x,y,z) = ¢y and ux(X, y, Z) = c,. The general solution is
F(us, up) = 0 (or uy = ¢(up)) for any function F (or ¢).




LAGRANGE’'S METHOD: WORKED EXAMPLE

Problem: Solve x z, + y z, = z.
Thisis P+ Qg =RwithP=x,Q=y,R=2z.
Auxiliary equations:

From dx/x = dy/y:
ax dy X
— = [ = = Inlx|=Inly|+Inje;] = = = ¢
X y y
From dx/x = dz/z:

X
Inx| =In|z| +In|c| = ;@

General Solution

F(X X) 0 orequivalentl ¢<X>
- == uiv y z=xo¢|—
y z y




PRACTICE: LAGRANGE’'S METHOD

Problem: Solve y® z, — xy z, = x(z — 2y).
Here P =y, Q= —xy, R = x(z — 2y).
Auxiliary equations:

ax dy az

2 —xy  x(z—2y)

From dx/y? = dy/(—xy):

—xydx =y?dy = —xdx=ydy
— XL — Xty=g
Second solution: Use dx/y? = dy/(—xy); integrate to confirm c;.

(Finding the second independent solution ¢, requires substituting back and
solving a related ODE.)
General form: F(x2 + y?, ¢) = 0.
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THE SEPARATION ASSUMPTION

Key idea: Assume the solution factors into a product of functions,
each depending on one variable only:

u(x,y) = X(x) - Y(y)

Why does this work? Substituting into the PDE separates it into
two ODEs — one in x, one in y — connected by a constant called
the separation constant.

Working PDE: u,, = 4u,
Compute: uy = X"Y, u, = XY’
Substituting:
// , X// Y/
XY =4XY = X"y
Left side depends only on x; right side only on y. Both must

equal the same constant —\.



THE TWO ODES AND SEPARATION CONSTANT

1 !

X
Setting XV — )\, we get two ODEs:

X'"4+4)X=0 and Y +AY =0

The value of A determines the type of solution. We consider three cases:

Case A Solutions
1 A=0 Linear / constant
2 A=a?>0 Oscillatory in x, decay in y
3 A= —a? < 0 | Exponential in x, growth in y

The physically meaningful case depends on the problem. For the heat equa-
tion (bounded domain), Case 2 (A > 0) gives the decaying, physically relevant
solutions.



CASE1: A=0

The ODEs become X” =0and Y’ = 0.
For X:

X' =0 = X/:C2 = X =o¢ +0&x

For Y:
YI:O — Y:C3

Product solution:
u(x,y) = (c1 + cx) - cs

Letting A = cyc; and B = ¢»¢s:

u(x,y) = A+ Bx

A linear function in x, constant in y.



CASE2: A =0a? >0
For X: X" +4a?°X =0

m? +40® =0 — m= +2ai
X(x) = ¢ cos(2ax) + ¢z sin(2ax)

ForY: Y +a?Y=0

m+ao®=0 = m=—a?

Y(y)=c; e Y
Product solution:

u(x,y) = (e cos(2ax) + e sin(2ax)) ¢s oo% J

The solution oscillates in x and decays exponentially in y — phys-
ically the most important case for bounded domains.



CASE3: A= -’ <0
For X: X" —40?X =0

m* —40? =0 = m=+2u
X(x) = ¢;** + coe >

ForY: Y —a?Y =0

m—ao?=0 = m=a?
Y(y) = cs e

Product solution (absorbing ¢;: let Aj = ¢i¢3, By = ¢»¢3):

2 _ 2
U(ny) — A eZax+a Y4 B, e 2ax+-0Py J

The solution grows exponentially in y — rarely physical, but math-
ematically valid.
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@ Three Fundamental PDEs



THE HEAT EQUATION — PHYSICAL DERIVATION

Consider temperatures Ty, T,, T3 at adjacent points xi, X, X3. The

rate of change of T, is proportional to the average of its neigh-
bours minus itself:

@O(T1+T3_T_7-1+T3—2T2_(T3—T2)—(T2—T1)
ot 2 2 2 B 2

This is the discrete second derivative. In the continuous limit:
Heat Equation (1D)
ou 0%u
k

EI W or Ur:kUXX

In 3D: u; = k(Up + Uy + Uy7)
Here k > 0 is the thermal diffusivity of the material.



THE WAVE EQUATION AND LAPLACE’S EQUATION
Wave Equation:

AP Uy = Uy OF Uy = 2 Uy J

Models vibrating strings, sound propagation, and electromag-
netic waves. « is the wave speed.

Laplace’s Equation:

Uxx+Uyy:O J

Models steady-state (equilibrium) situations — temperature dis-
tributions where u; = 0, electrostatic potentials, and fluid flow.
Note: Laplace’s equation is the heat equation with uy = 0 (no
time dependence).



CLASSIFICATION OF THE THREE FUNDAMENTAL
PDES

Apply B? — 4AC to each (let second pair of variables be x, t or
X, y):
Heat Equation ku,, —u; =0: A=k,B=0,C=0
B? —4AC = 0 —> Parabolic
Wave Equation o?u,, —us = 0: A=0a? B=0,C= —1
B? — 4AC = 40® > 0 = Hyperbolic
Laplace’s Equation u,, +u, =0:. A=1,B=0,C=1
B> — 4AC = —4 < 0 = Elliptic

Parabolic = diffusion/conduction  Hyperbolic = propagation
Elliptic = equilibrium



SECOND-ORDER PDE SoOLVED As AN ODE

Problem: Solve u,, — u = 0 where u = u(x, t).

Since there are no t-derivatives, treat this as an ODE in x alone
(with t as a parameter):

m—1=0 = m= =1
The “constants” of integration can be arbitrary functions of t:

General Solution

u(x,t) =ci(t) e + cot) e

Verify:

—X

uy = ci(t)e* — cx(t)e
Uy = Ci(t)e" + (e =u v



PRACTICE: SEPARATION OF VARIABLES

Problem: Find all separable solutions of u,, = 9u,.
Classiff: A=1,B=0,C=0 =— B>—-4AC=0 —
Parabolic
Solution: Let u = X(x)Y(y): X"Y = 9XY' = X"/9X =
Y'Y ==\
Two ODEs: X" +9AX =0and Y’ + AY = 0.

@ Case \ = 0: u= A+ Bx

@ Case A = a? > O:

X = ¢ cos(3ax) + g sin(3ax), Y = ce ™
u = (c; cos(3ax) + ¢ sin(3ax)) e Y
@ Case A\ = —a? < 0:

2 _ 2
u= A1 eSaX-i—oz y + B1e 3ax+ay
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PRACTICE 1: CLASSIFY AND SOLVE BY
INTEGRATION

Problem: Classify and solve uy = ***, given u(x,0) = e* and u(0, t) = €.

Classification: This is first-order in x and { jointly (mixed partial) — not covered
by the B2 — 4AC rule for second-order equations. Solve directly.

Solution: Integrate w.r.t. t:
uy = e+ f(x)

Integrate w.r.t. x:

u=¢e""+ F(x)+g(t)
Apply u(x,0) = €*: & + F(x) + g(0) = &* = F(x) =0.
Apply u(0,t) = e': '+ g(t) = ' = g(t) =0.

u(x,t) = !



PRACTICE 2: FULL CLASSIFICATION PROBLEMS

Classify each of the following PDEs:

(@) U +2uy, + Uy, + U =0
A=1, B=2 C=1: B> —4AC=4—-4=0 — Parabolic

A=4, B=0, C=—-1. BB—4AC=0+16=16 >0 —
Hyperbolic

(€) Uy +4uy +5u, —u=0
A=1, B=4,C=5 B —4AC=16-20=-4<0 —
Elliptic



PRACTICE 3: SEPARATION OF VARIABLES

Problem: Solve u,, = 4u, with BCs u(0, y) = 0, u(m, y) = 0.
From earlier: Case 2 (A = a? > 0) gives:

X(x) = ¢y cos(2ax) + ¢ sin(2ax)
Apply X(0) =0: ¢ =0. So X = cysin(2ax).
Apply X(7) = 0 (non-trivial): sin(2ar) =0 = 2amr = nm — a =
n/2
Forn=1,2,3,.... X,=sin(nx), Y,=e "v/4

General Solution (Superposition)

u(x,y) = ZA sin(nx) e~/

The constants A, are determined by the initial condition u(x, 0) using Fourier
series.



Thank You
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