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LINEAR FIRST-ORDER DES

Definition
A differential equation of the form

a1(x)
dy
dx

+ a0(x)y = g(x)

is called a linear first-order DE in y .

If g(x) = 0: homogeneous. If g(x) ̸= 0:
nonhomogeneous.

e.g. y ′ + 2y = ex is linear; y ′ + y2 = x is not (y2 makes it
nonlinear).



STANDARD FORM

Divide by the leading coefficient a1(x):

dy
dx

+ P(x) y = f (x)

where P(x) =
a0(x)
a1(x)

and f (x) =
g(x)
a1(x)

.

We assume P(x) and f (x) are continuous on an interval I.

Points where a1(x) = 0 are called singular points.

Example: For xy ′ + y = x , dividing by x gives
y ′ + 1

x y = 1. The point x = 0 is a singular point — the
solution is valid on (0,∞) or (−∞, 0) only.



STRUCTURE OF SOLUTIONS

Linearity lets us split the problem into two simpler subproblems
— homogeneous + particular:

y = yc + yp

yc: solution of the homogeneous equation
dy
dx

+ P(x)y = 0

yp: any particular solution of
dy
dx

+ P(x)y = f (x)

The homogeneous solution yc carries the arbitrary constant; yp

accounts for the forcing term f (x).



HOMOGENEOUS SOLUTION yc

Solve
dy
dx

+ P(x) y = 0

Separate variables and integrate:

dy
y

= −P(x) dx ⇒ ln |y | = −
∫

P(x) dx+C ⇒ yc = C e−
∫

P(x) dx



INTEGRATING FACTOR

To solve
dy
dx

+ P(x) y = f (x), define the integrating factor

µ(x) = e
∫

P(x) dx

Note: µ(x) = e
∫

P dx =
1
yc

— it is exactly the reciprocal of the

homogeneous solution. Multiplying by µ “unwraps” yc.
Multiply the equation by µ(x):

µ(x)
dy
dx

+ µ(x)P(x) y = µ(x)f (x)



KEY OBSERVATION

Check that
d
dx

[µy ] = µ
dy
dx

+ µ′y and since µ′ = µP:

d
dx

[µy ] = µ
dy
dx

+ µP y = µ
dy
dx

+ µ(x)P(x) y

So the equation becomes:

d
dx

[
µ(x) y

]
= µ(x) f (x)

Integrate both sides:

µ(x) y =

∫
µ(x) f (x) dx + C



GENERAL SOLUTION

Solution via Integrating Factor

y =
1

µ(x)

(∫
µ(x) f (x) dx + C

)
, µ(x) = e

∫
P(x) dx



SOLVING PROCEDURE

Steps to solve y ′ + P(x)y = f (x):
1 Write in standard form: identify P(x) and f (x).
2 Compute µ(x) = e

∫
P(x) dx .

3 Multiply through by µ; the left side becomes
d
dx

[µy ].

4 Integrate both sides and solve for y .



EXAMPLE 1 — CONSTANT FORCING

Solve
dy
dx

− 3y = 6

Standard form: P(x) = −3, f (x) = 6
Integrating factor:

µ(x) = e
∫
−3 dx = e−3x

Multiply through (left side collapses to a product rule):

d
dx

(
e−3xy

)
= 6e−3x



EXAMPLE 1 — CONSTANT FORCING (SOLUTION)

Integrate:

e−3xy =

∫
6e−3x dx = −2e−3x + C

Divide by e−3x :

y = −2 + Ce3x

y = −2 is the particular solution (yp).

Ce3x is the homogeneous solution (yc).



EXAMPLE 2 — VARIABLE COEFFICIENT

Solve

x
dy
dx

− 4y = x6ex

Divide by x to get standard form:

dy
dx

− 4
x

y = x5ex

P(x) = −4
x

Integrating factor:

µ(x) = e
∫
−4/x dx = e−4 ln x = x−4



EXAMPLE 2 — VARIABLE COEFFICIENT

(SOLUTION)

Multiply through by x−4:

d
dx

(
x−4y

)
= x5ex · x−4 = xex

Integrate (by parts:
∫

xex dx = xex − ex ):

x−4y = xex − ex + C

Multiply by x4:

y = x5ex − x4ex + Cx4



IVP EXAMPLE

Solve
dy
dx

+ y = x , y(0) = 4

P(x) = 1, so µ(x) = ex

d
dx

(exy) = xex

Integrate (by parts: u = x , dv = ex dx):

exy = xex − ex + C ⇒ y = x − 1 + Ce−x



IVP EXAMPLE — APPLYING INITIAL CONDITION

General solution: y = x − 1 + Ce−x

Apply y(0) = 4:

4 = 0 − 1 + C · 1 ⇒ C = 5

y = x − 1 + 5e−x



TRANSIENT TERMS

From the solution y = x − 1 + 5e−x :

x − 1 is the particular solution — it describes the
long-term behaviour.

5e−x is the homogeneous solution, which vanishes as
x → ∞.

Transient Term
A term in the solution that → 0 as x → ∞ is called a transient
term.

Transient terms carry the effect of initial conditions, but eventually
die out. The particular solution dominates long-term behaviour.



PRACTICE PROBLEM 1

Solve
dy
dx

− y = e3x .

P(x) = −1, µ(x) = e−x , so:

d
dx

(e−xy) = e2x

Integrate:

e−xy =
e2x

2
+ C

y =
1
2

e3x + Cex

No transient term (both terms grow as x → ∞).



PRACTICE PROBLEM 2
Solve

dy
dx

+ 3y = x

P(x) = 3, µ(x) = e3x :

d
dx

(e3xy) = xe3x

Integrate by parts (u = x , dv = e3xdx):

e3xy =
xe3x

3
− e3x

9
+ C

y =
x
3
− 1

9
+ Ce−3x

Transient term: Ce−3x → 0 as x → ∞.
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HIGHER-ORDER LINEAR DES

Consider the homogeneous linear equation with constant coef-
ficients:

any (n) + an−1y (n−1) + · · ·+ a1y ′ + a0y = 0

a0, a1, . . . , an are constants with an ̸= 0

Key idea: Try a solution of the form

y = emx

Then y (k) = mkemx . Substituting and factoring out emx ̸= 0
reduces the problem to a polynomial equation in m.



AUXILIARY EQUATION

For the second-order case

ay ′′ + by ′ + cy = 0

substitute y = emx :

am2emx + bmemx + cemx = 0

Factor out emx :
emx(am2 + bm + c) = 0

Since emx ̸= 0:

Auxiliary (Characteristic) Equation

am2 + bm + c = 0

Solve for m; each root gives a solution emx .



CASE I — DISTINCT REAL ROOTS

If the auxiliary equation has two distinct real roots m1 ̸= m2:

y1 = em1x , y2 = em2x

These are linearly independent, so the general solution is:

y = c1em1x + c2em2x



CASE II — REPEATED ROOT

If the auxiliary equation has a repeated root m1 = m2 = m:

y1 = emx

Finding y2: Try y2 = u(x)emx . Substituting into ay ′′+by ′+cy =
0 and using am2 + bm + c = 0 reduces to u′′ = 0, so u = x
(taking simplest non-trivial solution):

y2 = xemx

General solution:

y = (c1 + c2x)emx



CASE III — COMPLEX ROOTS

If the auxiliary equation has complex roots m = a ± ib (with
b ̸= 0):
Using Euler’s formula:

e(a±ib)x = eax(cos bx ± i sin bx)

Taking real and imaginary parts gives two real solutions:

y1 = eax cos bx , y2 = eax sin bx

General solution:

y = eax(c1 cos bx + c2 sin bx)



EXAMPLE 1 — DISTINCT REAL ROOTS

Solve
2y ′′ − 5y ′ − 3y = 0

Auxiliary equation:

2m2 − 5m − 3 = 0

Factor: (2m + 1)(m − 3) = 0

Roots: m1 = −1
2

, m2 = 3

y = c1e−x/2 + c2e3x



EXAMPLE 2 — REPEATED ROOT

Solve
y ′′ − 10y ′ + 25y = 0

Auxiliary equation: m2 − 10m + 25 = (m − 5)2 = 0 Repeated
root: m = 5

y = c1e5x + c2xe5x

Verify y2 = xe5x :

y ′
2 = e5x + 5xe5x , y ′′

2 = 10e5x + 25xe5x

y ′′
2 − 10y ′

2 + 25y2 = (10 + 25x)− 10(1 + 5x) + 25x = 0 ✓



EXAMPLE 3 — COMPLEX ROOTS

Solve
y ′′ + 4y ′ + 7y = 0

Auxiliary equation:
m2 + 4m + 7 = 0

Quadratic formula: m =
−4 ±

√
16 − 28

2
= −2 ±

√
3 i

So a = −2, b =
√

3

y = e−2x
(

c1 cos
√

3 x + c2 sin
√

3 x
)



IVP EXAMPLE

Solve

4y ′′ + 4y ′ + 17y = 0, y(0) = −1, y ′(0) = 2

Auxiliary equation:

4m2 + 4m + 17 = 0

Roots: m =
−4 ±

√
16 − 272
8

= −1
2
± 2i

General solution:

y = e−x/2(c1 cos 2x + c2 sin 2x)



IVP EXAMPLE — APPLYING INITIAL CONDITIONS

From y(0) = −1: c1 = −1
Differentiate using the product rule:

y ′ = −1
2e−x/2(c1 cos 2x+c2 sin 2x)+e−x/2(−2c1 sin 2x+2c2 cos 2x)

At x = 0: y ′(0) = −1
2c1 + 2c2 = 2

1
2 + 2c2 = 2 ⇒ c2 =

3
4

y = e−x/2

(
− cos 2x +

3
4
sin 2x

)



TWO IMPORTANT SPECIAL EQUATIONS

y ′′ + k2y = 0
Aux: m = ±ki

y = c1 cos kx + c2 sin kx

Pure oscillation.

y ′′ − k2y = 0
Aux: m = ±k

y = c1ekx + c2e−kx

Exponential growth/decay.



HIGHER-ORDER EQUATIONS

For the nth-order homogeneous equation, the auxiliary polyno-
mial has degree n.

Each distinct real root m contributes emx .

A root m of multiplicity k contributes:
emx , xemx , . . . , xk−1emx

Each pair of complex roots a ± ib contributes eax cos bx
and eax sin bx .

The general solution is a linear combination of n linearly indepen-
dent solutions.



HIGHER-ORDER EXAMPLE

Solve y ′′′ − 3y ′′ + 3y ′ − y = 0.
Auxiliary equation:

m3 − 3m2 + 3m − 1 = (m − 1)3 = 0

Triple root m = 1 (multiplicity 3) contributes ex , xex , x2ex :

y = (c1 + c2x + c3x2)ex



PRACTICE PROBLEM 1

Solve
y ′′ + 4y = 0

Auxiliary equation:

m2 + 4 = 0 ⇒ m = ±2i

Complex roots: a = 0, b = 2

y = c1 cos 2x + c2 sin 2x

Pure oscillation — no damping.



PRACTICE PROBLEM 2

Solve
y ′′ + 2y ′ + 5y = 0

Auxiliary equation:

m2 + 2m + 5 = 0 ⇒ m =
−2 ±

√
4 − 20

2
= −1 ± 2i

a = −1, b = 2

y = e−x(c1 cos 2x + c2 sin 2x)

Damped oscillation — amplitude decays as x → ∞.



PRACTICE PROBLEM 3

Solve
y ′′ − 2y ′ + 2y = 0

Auxiliary equation:

m2 − 2m + 2 = 0 ⇒ m =
2 ±

√
4 − 8

2
= 1 ± i

a = 1, b = 1

y = ex(c1 cos x + c2 sin x)

Growing oscillation — amplitude increases as x → ∞.



PRACTICE PROBLEM 4

Solve
y ′′ − 6y ′ + 9y = 0

Auxiliary equation:

m2 − 6m + 9 = (m − 3)2 = 0

Repeated root: m = 3

y = (c1 + c2x)e3x



Thank you :)
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