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BASIC INTEGRATION FORMULAS
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sinxdx = —cosx + C

cosxdx =sinx + C

sec? xdx =tanx + C
csc? xdx = —cotx + C
secxtanxdx =secx + C

cscxcotxdx = —cscx + C
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secxdx = In|secx +tanx| + C
cscxdx = —In|escx + cotx| + C

sinh xdx = coshx + C
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0 Integration by Parts



INTEGRATION BY PARTS

When to Use It
Used for integrals of the form [ f(x)g(x) dx when:

@ One function becomes simpler when differentiated
@ The other is easy to integrate

Product Rule for derivative

d%[f(x)g(X)] = '(x)g(x) + f(x)g'(x)

Rearranging gives the integration formula:

[ 10609 0 = (x19(x) ~ [ 71900 o



INTEGRATION BY PARTS FORMULA

Differential Form (Easier to Remember)

/udv:uv—/vdu

How to Choose u and dv

@ Choose u so that differentiating makes it simpler

@ Choose dv so it is easy to integrate

@ The new integral [ v du must be easier than the original
Common Good Choices for u

Inverse trig — Logarithmic — Algebraic — Trigonometric — Exponential
(ILATE)



EXAMPLES

Example 1: [ x cos x dx
u=x, dv=cosxdx —> du=adx, Vv =sinx
/xcosxdx:xsinx—/sinxdx:xsinx—l—cosx—irC

Example 2: [ Inx dx
Rewrite as: [ Inx - 1dx

1
u=Inx, dv=dx — du=—-dx, v=x
X

1
/Inxdx—xInx—/x;dx—xInx—x—FC



PRACTICE PROBLEMS

Evaluate the following:

Q /x2ex dx
Q /xe"‘ dx

Q /xssinxdx

Q /excosxdx

4
Q / xe ¥ dx
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@ Trigonometric Integrals



TRIGONOMETRIC INTEGRALS

We evaluate integrals involving powers and products of

sin x, cos X, tan x, sec x

Main Idea
Use identities to rewrite the integrand into a simpler form.

Three Major Categories
@ Powers of sin x and cos x
© Powers of tan x and sec x
@ Products like sin(mx) cos(nx)



DECISION RULES

1. Powers of sin” x cos” x
@ If mis odd:
» Save one sin x

» Convertsin®x = 1 — cos? x
» Substitute u = cos x
@ If nis odd:
» Save one cos x
» Convertcos?x =1 —sin®x
» Substitute u = sin x
@ If both even:
2 1 — cos2x 5 1+ cos2x
sin X:T, cos X:T



DECISION RULES

2. Powers of tan x and sec x
Use:
tan®x =sec®x — 1, sec®x =tan®x + 1

3. Products sin(mx) cos(nx)
Use product-to-sum identities:

]
sin mx cos nx = 5 [sin(m — n)x + sin(m + n)x]



EXAMPLES

/sin?’xcos2 X dx
m is odd — save one sin x
= /(1 — cos? x) cos® x sin x dx
Let u = cos x
woooud
4 2
= |(W—-uv)du=——-—+C
Jw = drau= -

cos® x  cos® x
- . c
5 3 +




EXAMPLES

/tan4 x dx

= /tan2 x(sec® x — 1) dx

:/tanzxseczxdx—/tanzxdx

Let u = tanx

tan® x
= 3 —tanx+x+C




PRACTICE PROBLEMS

Q /sin5 x cos? x dx

Q [ cos® xdx
Q [ sin®xcos* x dx
4
sec” x dx
3
sec” x dx

sin 3x cos 5x dx
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o V1 + cos4x dx
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© Trigonometric Substitution



TRIGONOMETRIC SUBSTITUTION

Trigonometric substitution is used for integrals containing expres-
sions like

V& +x2, V& —x2, Vx2—a

The idea is to replace x by a trigonometric function so that the
expression under the square root becomes simpler.

Key Substitutions

x = atanfl, x =asinfl, x = asect

These substitutions come from right—triangle identities.



CHOOSING THE RIGHT SUBSTITUTION

Expression in the integral ~ Substitution

v a + x? X = atanf
g — x?2 X = asinf
X2 — & X = asect

General Procedure
@ Substitute x using the appropriate trigonometric function.
@ Compute dx.
© Simplify the square root using trig identities.
© Integrate the resulting trigonometric expression.
@ Use a reference triangle to convert back to x.



EXAMPLES

Solve:

ax
V4 4+ x2
Use substitution
X = 2tané, dx = 2sec? 6 db

VA4 +x2 = \/4(1 +tan20) = 2sect

/ X _/25ec29d9_/seced(9
Vi £ x2 2sec

=In|secf +tanb| + C

Back-substitute:

=ln|x+vV4+x2|+C




EXAMPLES

Solve:

X2
ax
V9 —x?2
Use substitution
x = 3sinf, dx = 3cosf db

V9 — x?> = 3cosb
(3sinh) 23c05(9d9
dx = 0 do
/\/ — X2 / 3cosf /sm
1— 20
:9/%d9:g(9—sin9cosé’)+c

Back-substitute:

=g (X) - e

2 3



PRACTICE PROBLEMS

Evaluate the following using trigonometric substitution.

X
0/\/9—1—x2
e/\/16—x2
e/\/x2—25

X2
Q/mdx
x>

e/\/4x2 2
°/¢—*_1 o
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0 Partial Fractions



INTEGRATION OF RATIONAL FUNCTIONS

f(x)

A rational function has the form o) where f(x) and g(x) are
X
polynomials.

Idea of Partial Fractions
Rewrite the rational function as a sum of simpler fractions that
are easy to integrate.

5x—3 2 . 3
x2-2x—-3 x+1 x-3
Then integrate term by term.

5x — 3
——= =~ dx=2In|lx+1]+3In|x—=3|+C
/x2—2x—3 nix+1/+3lIn| | +



CASE 1: DISTINCT LINEAR FACTORS

fg(x) = (x—n)(x —r)...(x — ) then,

f(x A A A
(x) _ A + 22 4+
gx) x—-n x-—n X —ry
Example 1
X2 + 4x + 1 3/4 1/2 1/4
/ T dx:/ /4 2 1A g
(x =1 (x+1)(x+3) x—1 x+1 x+3
3| |x 1|+1| [x + 1] 1| Ix+3|+C
=—In|x— —In ——1n
4 2 4
Example 2

o (i) o

=2In[x+1]+3In|x-3|+C



CASE 2: REPEATED LINEAR FACTORS

If g(x) = (x — r)™ then the partial fraction form is

f(X)_ A1 A2 Am
o) x—r g e
Example 1
6 7
/X+ dx:/ L B Y
(x +2)? x+2 (x+2)?
5
=6In|lx+2/+ ——+C
xX+2
Example 2

/<xx+11>3dx‘/<<x+11>2<x+21>3)"x

1 1
= —— B —— C
X+ 1 +(X+1)2Jr



CASE 3: IRREDUCIBLE QUADRATIC FACTORS

If the denominator contains x* + px + q that has no real roots, we use
Ax + B . Ax + B Cx+ D
; If the quadratic repeats, 5 + = 5
x+px+qg (x2+px+q)

X +px+gq

Example 1: [ 32 ax

Yo — 448 — A=3,B=5

JSox= [ Fmox+ [ mrdx =2 In(¢ +1) +5tan "' x+ C

Example 2: [ 2555 dx

(X%XL‘)Q =443 4 (Xczxjf)’z = 2x+1=(Ax+ B)(x*+ 1)+ (Cx + D)

2x+1=AC+Bx*+(A+C)x+(B+D) — A=B=0,C=2 D=1

J & = [ e+ [ erpdX = — 2 T apery Tatan T x+C




PRACTICE PROBLEMS

Evaluate:

5x — 3
o/x+1
6x—|—7
e/x+2

“’/mdx

X2 4+ 4x + 1

X
x—1)(x+1)(x +3)

° [
¢ / X2J)r(i+5)dx
o/

2— —x—3
XXXdX

—2X—



Thank you :)
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